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Abstract. We prove existence of quasi-periodic solutions with two frequencies of 
completely resonant, periodically forced nonlinear wave equations with periodic spa- 
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1. Introduction 

We prove existence of small amplitude quasi-periodic solutions for completely reso- 
nant forced nonlinear wave equations like 

j v tt - v xx + f(uib, v) = 

^ ' ' \v(t,x) =v(t,x + 2n) 

where the nonlinear forcing term 

ffat, v) = a{uj l t)v 2d - 1 + 0{v 2d ), d > 1, d e N + 

is 27r/u;i-periodic in time. We shall consider both the cases 

• A) the forcing frequency uj\ G Q 

• B) the forcing frequency lo\ £ K \ Q. 

Existence of periodic solutions for completely resonant forced wave equations was 
first proved in the pioneering papers |Rlj , |R2j (with Dirichlet boundary conditions) if 
the forcing frequency is a rational number (ui = 1 in |R1| - |R2| ). This requires to solve 
an infinite dimensional bifurcation equation which lacks compactness property; see 
|BNj . |H] . |BBij - |BBil| and references therein for other results. If the forcing frequency 
is an irrational number existence of periodic solutions has been proved in |PYj -[Mc j: 
here the bifurcation equation is trivial but a "small divisors problem" appears. 

To prove existence of small amplitude quasi-periodic solutions for completely reso- 
nant PDE's like (jl.lj) one generally has to deal with a small divisor problem as well; 
however the main difficulty is to understand from which solutions of the linearized 
equation at v — 0, 

v tt ~ v xx — , 
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quasi-periodic solutions branch-off: such linearized equation possesses only 27r-periodic 
solutions q + (t + x) + g_(t — x) where <?+(•), ?-(•) are 27r-periodic (completely resonant 
PDE). 

Here is the main difference w.r.t non-resonant PDE's for which a developed existence 
theory of periodic and quasi-periodic solutions has been established, see e.g. jKj, |Waj . 
jCWj , jFj, |Blj and references therein. 

For completely resonant autonomous PDE's, existence of periodic solutions has been 
proved in [LSI, EH, [BBTj . |BB2] . jBB3j, jCMPj . jUF], and quasi-periodic solutions 



with 2-frequencies have been recently obtained in |Plj - |P2j for the specific nonlinearities 
f = u 3 + 0(u 5 ). Here the bifurcation equation is solved by ODE methods. 

In this paper we prove existence of quasi-periodic solutions with two frequencies lu%, 
uj 2 for the completely resonant forced equation (jl.lj) in both the two cases: Case A): 
uoi G <Q>; Case B): u x el\Q. 

The more interesting case is uj\ G Q (case A) when the forcing frequency uj\ enters 
in resonance with the linear frequency 1. To find out from which solutions of the 
linearized equation quasi-periodic solutions of (jl.lj) branch-off, requires to solve an 
infinite dimensional bifurcation equation which can not be solved in general by ODE 
techniques (it is a system of integro-differential equations). However, exploiting the 
variational nature of equation (jl.lj) like in [BBlj- BB2], the bifurcation problem can 
be reduced to finding critical points of a suitable action functional which, in this case, 
possesses the infinite dimensional linking geometry [BI 



1.1. Main results. We look for quasi-periodic solutions v(t,x) of equation (jl.lj) of 
the form 



;i.2) 



v (t, x) = u(uit, UJ 2 t + x) 

u(tpi + 2&i7r, y? 2 + 2A; 2 vr) = u(tpi, tp 2 ), V&i, k 2 G Z 
with frequencies 

u = (uj!,uj 2 ) = (uJx,l + e) , 

imposing the frequency uo 2 = 1 + e to be close to the linear frequency 1. 
Writing d tt - d xx = (d t - d x ) o (d t + d x ) we get 



(1.3) 

and therefore 
(1.4) 



ujid^ + [uj 2 - l)d V2 o uxd vi + {lo 2 + 1)9, 



•P2 



u 











^i% x + K - 1)^ 2 + 2uj 1 u 2 d Vl d^u(ip) + f((p u u 
We assume that the forcing term / :TxM->l 

f(v 1 ,u) = a 2d ^i)u 2d - l + 0(u 2d ), deN + , d>l 
is analytic in u but has only finite regularity in <pi. More precisely 

• (H) f(ifi, u) := Y^k=2d-i a k(fi)u k , d G N + , d > 1 and the coefficients a,k(tp\) G 
i? 1 (T) verify, for some r > 0, \\^ =2d _i \a>k\H irk < °°- The function f((pi,u) is 
not identically constant in (pi. 
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We look for solutions u of (jl.4|) in the Banach space 2 



u\ = u_i and \u\^ s := 2^ 



Uile^lhY < +00 



where [li] := max{|f\|, 1} and o > 0, s > 0. 

The space TC a , s is a Banach algebra with respect to multiplications of functions (see 
Lemma 14.11 in the Appendix) , namely 

Mi, U2 e MiM 2 e ft<r, s and |miM 2 | ct , s < C|mi| ct>s |m2| CTiS . 

We shall prove the following Theorems. 

Theorem A. Let uj\ = n/m G Q. Assume that f satisfies assumption (H) and 
Gt2d-i(y?i) 7^ ; Wtpi G T. Let £> 7 be the uncountable 3 zero-measure Cantor set 



B 1 :-- 



[ee (-e ,e ) : |*i + eZ 2 | > , V/ 1; Z 2 G Z \ {0}} 



where < 7 < 1/6. 

There exist constants a > 0, s > 2, e > 0, C > 0, such that \/e G B 1 , | | ^-y 1 < e/m 2 , 
there exists a classical solution u(e,ip) G TCw,s of \1.4\j with (cg>i,cg> 2 ) = (n/m, 1 + e) 
satisfying 



1.5) 



u(e,ip) - \e\ 2 <- d - 1 ) q e ((p) 



< c m l£ 



£ 2(d-l) 



for an appropriate function q e G H a , s \ {0} of the form q £ ((f) = g+(y?2)+ q-(2rmpi — 
rup 2 ). 

As a consequence, equation M.l\) admits the quasi-periodic solution v(e,t,x) := 
u(e,u)it,x+L} 2 t) with two frequencies (a^a^) = (n/m, 1+e) and the map t — > v(e,t, •) G 
i/°"(T) /ias t/ie form 4 



v(e,t,x) - \e\ 2( - d -v q + (x + (1 + e)t) + <Z-((1 - e)nt - nx) 



H a (T) 



m 

7 w i 



£ 2(d-l) 



At the first order the quasi-periodic solution v(e,t,x) of equation (jl.lj) is the superpo- 
sition of two waves traveling in opposite directions (in general, both components q + , 
g_ are non trivial). 

The bifurcation of quasi-periodic solutions looks quite different if U\ is irrational. 

Theorem B. Letui G M\Q. Assume that f satisfies assumption (H) , a2d-i( ( Pi)d(pi 
7^ and f((fi, u) G H S (T), s > 1, for all u. 



Given z G C, z* denotes its complex conjugate. 
3 The proof that 2? 7 n (0, Sq) and S 7 n (— So, 0) are both uncountable Veo > is like in jBPj . 
4 We denote H°(T) := {u(<p) = Eiez^e^ ■ "* = «-l - Mh-(t) := E; eZ Me" 1 ' 1 < +00}. 
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Let C 7 C D 



(1.6) C 7 :-- 



-Eo,Eo) x (1,2) be the uncountable zero-measure Cantor set 5 

— £ Q, |wiZi + eZ 2 | > — 

7 

+ |Z 2 

Fzx any < s < s — 1/2. There exzst positive constants e, C , a > 0, such that, 
V(e, u;i) G C 7 wift | | --y 1 < e and e J Q 27r a^d-iC^i) ^i > 0> t/iere exzsfo a nontrivial 
solution u(e, <p) G °/ equation \l.Jj\) with (ux, a> 2 ) = (k>i, 1 + e) satisfying 



(e,ui)eD: U!<£Q, — <£Q, \u l l 1 + el 2 \> 
\uih + (2 + e)Z 2 | > 



, VM 2 eZ\{0} 



;i.t) 



< C— lei 5^ 

7 



/or some function g e (v? 2 ) G H"(T) \ {0}. 

y4s a consequence, equation M-l)) admits the non-trivial quasi-periodic solution v(e, t, x) 
w(£, c^it, x + u; 2 £) with two frequencies (t^i,^) = (ui,l + e) and the map t — > v(e,t, •) G 
i/ CT (T) /ias t/ie /orm 



u(e, t, x) - |e| 2 ( d -v q £ ( x + (1 + e)t) 



H CT (T) 



7 _i |e|3(<»-i) . 



Remark 1. Imposing in the definition of the condition uj\juJ2 = uJi/(l + e) G Q we 
obtain, by Theorem B the existence of periodic solutions of equation M.l\) . They are 
reminiscent, in this completely resonant context, of the Birkhoff- Lewis periodic orbits 
with large minimal period accumulating at the origin, see |BaBj . |BB Vj . 

Remark 2. (Non existence) In Theorem B, existence of quasi-periodic solutions 
could follow by other hypotheses on f, see remark^ However the hypothesis that the 
leading term in the nonlinearity f is an odd power of u is not of purely technical nature. 
If f((fi,u) = a((fi)u D with D even and a((fx) dcpi ^ 0, then, VR > there exists 
so > such that Ma > 0, s > s — 1/2, V(e, a>i) G C 7 with |e| < e$, equation \1.4\) does 
not possess solutions u G 7~C a ,s ^ n the ball \u\ a ^ < Rle] 1 ^ ^ 1 ^ , see Proposition^ 

To prove Theorems A-B, instead of looking for solutions of equation (|1.4jl in a 
shrinking neighborhood of 0, it is a convenient devise to perform the rescaling 

|l/2(rf-l) 



U 



Su 



with 



5 :-- 



enhancing the relation between the amplitude 5 and the frequency u>2 = 1 + s. We 
obtain the equation 



(1.8) 

where, see fjl.3|) . 



£ e u + ef(<pi,u,6) = 



coid^ + ed V2 o uxd Vl + (2 + e)d L 



y'2 



V"2 



+ e 



(2 + e)# + 20^3, 



'•P'2 



5 See Lemma 
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and 

(1.9) /(^, u, 6) := S ign(e)^|^ = sign(e) (om-j^ 1 + 6au(<Pi)u u + . . . ) 

and sign(e:) := 1 if u> 2 > 1 and sign(e) := — 1 if uj 2 < 1. 

To find solutions of equation (|1.8J) we shall apply the Lyapunov-Schmidt decompo- 
sition method which leads to solve separately a "range equation" and a "bifurcation 
equation" . 

In order to solve the range equation (avoiding small divisor problems) we restrict e 
to the uncountable zero-measure set B 1 for Theorem A, resp. (e, G C 7 for Theorem 
B, and we apply the Contraction Mapping Theorem; similar non-resonance conditions 
have been employed e.g. in jEE], |BP], jBBl]-jBB2], jMc]. jPTj. 

To solve the infinite dimensional bifurcation equation we proceed in different ways 
in case A) and case B). 

As already said, in case A) we follow the variational approach of BB1 ,[BB2 noting 



that the bifurcation equation is the Euler-Lagrange equation of a "reduced action 
functional" which turns out to have the geometry of the infinite dimensional linking 
theorem of Benci-Rabinowitz [BRJ. However we can not directly apply the linking 
theorem because the reduced action functional is defined only in a ball centered at the 
origin (where the range equation is solved). Moreover the infinite dimensional linking 
theorem of [BR] requires the compactness of the gradient of the functional, property 
which is not preserved by extending the functional in the whole infinite dimensional 
space. 

In order to overcome these difficulties we perform a further finite dimensional reduc- 
tion of Galerkin type inspired to |BB3j on a subspace of dimension N, with N large 
but independent of e, see the equations IJ2.3J1 - (|2.4|) - (|2.5|) . 

We shall have to solve the (|2.4j) - ()2.5j) equations in a sufficiently large domain of q± 
(Lemma 12.3)1 . consistent with the \ ■ \m bounds on the solution q\ of the bifurcation 
equation that can be obtained by the variational arguments, see Lemma 12.61 

Another advantage of this method is that allows to prove the analiticity of the 
solution u in the variable <p2- 

In case B) the bifurcation equation could be solved through variational methods as 
in case A). However there is a simpler technique available. The bifurcation equation 
reduces, in the limit e — > 0, to a super-quadratic Hamiltonian system with one degree 
of freedom. We prove existence of a non-degenerate solution by phase-space analysis. 
Therefore it can be continued by the Implicit function Theorem to a solution of the 
complete bifurcation equation for e small. 



The paper is organized as follows. For simplicity of exposition we prove first Theorem 
A in the case u)\ — 1. We deal with the general case wi = ^ G Q at the end of section 
121 In section El we prove Theorem B. 

Acknowledgments: The authors thank Luca Biasco and Philippe Bolle for useful 
comments. Part of this paper was written when the second author was at SISSA. 
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2. Case A: u x G Q 
Equation (jl.Hj) becomes, for oj\ = l 
(2.1) £ £ u + Ef(< fl ,u,5) = 

where 



f) 2 +28 8 



d vi + (2 + s)d V2 

(2 + e)&+2d ipi d va 



eLi . 



To fix notations we shall prove Theorem A in the case ci2d-i{(pi) > and e > 0, i.e. 
sign(e) > 0. 

By the assumption (H) on the nonlinearity / and by the Banach algebra property 
of Tia^s the Nemitskii operator 

u -> ffa, u, 5) G C°°(B p , H^s) , 0<S< 1 

where B p is the ball of radius p£ _1 in TC aiS and p is connected to the analiticity radius 
r of / (note that since a k ((pi) G F X (T) then a fc (-) G W CT)S , Vcr > 0, < s < 1/2). 

Equation ()2.H) is the Euler-Lagrange equation of the Lagrangian action functional 
G C l {H^ s ,R) defined by 



* E (w) 



T 2 



^(<9 OT w) 2 + (9 w ii)(5 w u) + £2 ^ £ {d v% uf + e{d 91 u){d 92 u) -eF((pi,u,S) 



= ^ (u) + eT(u,5) 
where F(ip h u, 5) : = JJJ* f(<pi,£, 8)d£ and 

1 

2^ 



(d^w) 2 + (c^m) (d^u) 



T(u,5) := / 



-(<9^ 2 w) 2 + (d^id^u) - F(ip x , u, 5) . 



To find critical points of \P e we perform a variational Lyapunov-Schmidt reduction 
inspired to BBlJ-[BB2j, see also jXB]. 



2.1. The Variational Lyapunov-Schmidt Reduction. The unperturbed functional 
: ^ct,s ~~ ► R possesses an infinite dimensional linear space Q of critical points which 
are the solutions q of the equation 

L q = d vi (d Vl + 2d V2 Jq = . 

The space Q can be written as 

Q = {q = J2 ^ e n ^ I « = for ^ + 2/2 ) ^ °} • 

In view of the variational argument that we shall use to solve the bifurcation equation 
we split Q as 

Q = Q + ®Q ®Q- 
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where 6 

Q + 
Qo 

Q- 

and 
(2.2) 



A. 



[qeQ : qi = for / £ A+j = jg 4 

jg G Q : g, = for Z £ A_J = jg_ 
:= |l 6 Z 2 : h = 0, o}, A_ := { 



g + (^ 2 ) G Hq(T) 



We shall also use in Q the norm 



Z G Z 2 : Zi + 2Z 2 = 0, Z ^ o} . 
2m,2 + 1) _ 



^ 

zgA_u{o}ua + 



I^Ih 1 _ l?+ljfi(T) + % + I <?— I 1 (i 



We decompose the space 7i CTjS = Q @ P where 

P ■= {p = Y^P^ 1 '* e n ^ \ Pi = ° for h(2h + h) = o} • 

Projecting equation ()2.1|1 onto the closed subspaces Q and P, setting u = q + p G 7i CT)S 
with q & Q and p G P, we obtain 

Li[g] + n o /(^ 1 ,g + p,<J) = (Q) 

£ e [p]+enp/(^ 1 , g +j) J (J) = (P) 

where Hq : Ti. as — > Q, lip : 7^ — ► P are the projectors respectively onto Q and P. 

In order to prove analiticity of the solutions and to highlight the compactness of the 
problem we perform a finite dimensional Lyapunov-Schmidt reduction, introducing the 
decomposition 

Q = Qi®Q 2 

where 

Q x := Q^N) :={q= £ q^ G q) , Q 2 := Q 2 (iV) := jg = £ g,e^ G q} . 

|J[<JV ' |Z|>AT 

Setting q = q\ + q 2 with gi G Qi and q 2 & Q 2 , we finally get 



(2.3) Li[gi]+n Ql |/(y>i, gi + ga+P,*) 

(2.4) Li[g 2 ]+n Q2 [/(^i,gi + g 2 +p,5) 

(2.5) C s \p)+eU P \f(<f l ,q 1 + q 2 +p,6) 









<Mf e (u)[h] = V7i g Qi {Qx) 
cNf e (u)[h] = VheQ 2 (Q 2 ) 
d$ e (u)[h] = VZi g P (P) 



where Hq. : 7Y«j )S — > are the projectors onto (« = 1, 2). 

We shall solve first the (Q 2 )-(P)-equations for all |gi|pi < 2P, provided e belongs 
to a suitable Cantor- like set, |e| < Eq(R) is sufficiently small and N > N (R) is large 
enough (see Lemma 



6 i?g(T) denotes the functions of H a (T) with zero average. H a ' s (T) := {u((p) — J2i € %uie 
u* = ii—i, |u|ho-.s(t) : — Szgz l^il e<T ''' < +00} and Hq' s (T) its functions with zero average 
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Next we shall solve the (Qi)-equation by means of a variational linking argument, 
see subsection 12.41 



2.2. The (Q 2 )-(P)-equations. We first prove that C £ restricted to P has a bounded 
inverse when e belongs to the uncountable zero measure set 

# 7 := {e e (-e ,£ ) : \h + el 2 \>-^- VZi, Z 2 6 Z \ {0}} 

where < 7 < 1/6. B^ accumulates at both from the right and from the left, see 
iRPl. 



The operator C £ is diagonal in the Fourier basis {e llip , / G Z 2 } with eigenvalues 
Di := (h + el 2 )(h + (2 + e)l 2 ). 

Lemma 2.1. For e e £L the eigenvalues D\ of C £ restricted to P, satisfy 



h + el 2 



> 7 VZ X # 0, h + 2/ 2 ^ 



(Zi + 2Z 2 ) + el 2 

As a consequence the operator C £ : P — > P has a bounded inverse C~ l satisfying 

\h\ 



(2.6) 



C?[h] 



< 



7 



V/iGP. 



Proof. Denoting by [x] the nearest integer close to x and {x} = x — [x], we have that 
A > 1 if both Zi ^ -[eZ 2 ] and k + 2l 2 ^ -[eZ 2 ]. If h = -[el 2 \ then 

|A|>rn(|2Z 2 |-{d 2 })>7. 

I '2 1 

In the same way if l\ + 2Z 2 = — [el 2 ] we have \Di\ > t^t(|2Z 2 | — {rf 2 }) > 7. 
Lemma 2.2. T/ie operator L\ : Q 2 — > Q 2 has bounded inverse L^ 1 which satisfies 

\ h \a,s 



□ 



(2.7) 



L-Ah] 



a,s ~ N 2 



Proof. Li is diagonal in the Fourier basis of Q: e llip with I G A + U {0} U A_ (recall 
(|2.2jl ) with eigenvalues 

(2.8) d, = (2 + £ )Z 2 if Zi = and d, = (-2 + £ )Z 2 if h + 2/ 2 = . 

The eigenvalues of L x restricted to Q 2 (N) verify \di\ > (2 — £:)iV 2 and ()2.7|) holds. □ 



Fixed points of the nonlinear operator Q : Q 2 © P — > Q 2 © P defined by 

G{V2,P;qi) ■= (~ Li 1 TlQ 2 f(pi,qi + q 2 +p,5), -eCj 1 U P f(Lp 1 ,q 1 + q 2 +p,5) 

are solutions of the (Q 2 )-(P)-equations. 

Using the Contraction Mapping Theorem we can prove: 
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Lemma 2.3. (Solution of the (Q2)-(P) equations) \/R > there exist an integer 
Nq(R) G N + and positive constants Eo{R) > 0, Cq{R) > such that: 

(2.9) V|gi|Hi <2R, \/e G 5 7 , < e (R) , > N (R) : < aN < 1 , 

there exists a unique solution (92(91), £>(9i)) := (92^, N, qi),p(e, N, 91)) G Q2 © P of 
the (Q 2 )-(P) equations satisfying 

C (R) 



(2.10) 



\q 2 {e,N,q x )\ a , s < 



N 2 



|p(£,iV, ( 2i)U s <C'o(tf)|£|7- 1 



Moreover the map q\ — > (92(91) , C 1 (B 2 r,Q2 © -P) <wid 



2.11 



p'(9i)N <C (i?)k|7">l^, q' 2 (qi)[h] 



< 



N 2 



\m V/igQj 



Proof. In the Appendix. 



□ 



2.3. The (Qi)-equation. Once the (Q2)-(-P)-equations have been solved by (92(91), 
p{qi)) G Q2 © P there remains the finite dimensional (Qi)-equation 

(2.12) LM + n Ql /(^,9i + 9 2 (9i) +P(qi),8) = . 

The geometric interpretation of the construction of (92(91), p{qi)) is that on the 
finite dimensional sub-manifold Z = {qi + 92(91) + p(qi) '■ \qi\ < 2i?}, diffeomorphic 
to the ball 

B 2 r := {91 e Qi : |9i|ifi < 2i?}, 

the partial derivatives of the action functional ty e with respect to the variables (q2,p) 
vanish. We claim that at a critical point of \l/ e restricted to Z, also the partial derivative 
of ^f e w.r.t. the variable 91 vanishes and therefore that such point is critical also for 
the non-restricted functional \l/ e : 7i a ,s — > K. 

Actually the bifurcation equation ()2.12j) is the Euler-Lagrange equation of the re- 
duced Lagrangian action functional 

$ £ ,v : B 2R cQi^l, $ £ ,v(9i) := # e (?i + 92(91) + p(Qi)) ■ 

Lemma 2.4. $ £i at G C 1 (B 2 r,M.) and a critical point q\ G B 2 r o/$ Ei jv is a solution of 
the bifurcation equation Moreover $ £i at can be written as 

(2.13) $ £> jv(9i) = const + e (r( gi ) +7e £)JV (9i)) 

T(9i) := ^ ^^a 2 9i) 2 + (^91X^91) " 

^ £ ,iv(9i) : = / P(^i, 9i, 5 = 0) - F(<pi, 91 + 92(91) + P(9i), 5) 

+ ^/Oi, 91 + 92(91) +p(?i),*)(«j(?i) +p(qi)) 
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and, for some positive constant C2{R) > C\{R), 

(2.14) \K e , N {q x )\ < C 2 (i?)(5+|£| 7 - 1 + ^) 

(2.15) \n' StN { qi )\h}\ < C 2 (R)(5+\s\T l + ^)\h\m, V/ieQi. 

Proof. In the Appendix. □ 

The problem of finding non-trivial solutions of the Qi-equation is reduced to finding 
non-trivial critical points of the reduced action functional $ £) at in B 2 r. 

By f)2.13j) . this is equivalent to find critical points of the rescaled functional (still 
denoted $ e<N and called the reduced action functional) 

(2.16) $ £) iv(gi) = T( gi ) + TZ £:N ( qi ) = (A( qi ) - J a 2d ^M^j + K e>N (n) 
where the quadratic form 



T 2 2 

is positive definite on Q + , negative definite on Q_ and zero-definite on Q . For qi = 
q + + q + q- E Qi, 

Oi-\- cy. 

(2.17) A{q x ) =A(q + + q + q~) = A(q+) + A(qJ) = -^{q+lm ~ —\q~\m 

for suitable positive constants a + , a_, bounded away from by constants independent 
of e. 

We shall prove the existence of critical points of $ £i jv in B 2 r of "linking type" . 

2.4. Linking critical points of the reduced action functional $ £ .at. We can 
not directly apply the linking Theorem because $ £) at is defined only in the ball B 2 r. 
Therefore our first step is to extend § s ,n to the whole space Q\. 

Step 1: Extension of $ £j at. We define the extended action functional $ £ jv £ C 1 (Qi, R) 
as 

$ £iiV (gi) := r( ?1 ) + n £ , N (<n) 

where 7Z e ,N '■ Qi — > K is 

and A : [0, +00) — > [0, 1] is a smooth, non- increasing, cut-off function such that 

|A'(z)| < 1. 

By definition <& £j n = &s,N on B R := {q x E Qi : \qi\n 1 < R} and $ £j at = T outside 
B 2 r. 



(\{x) 


= 1 


\x\ 


\\{x) 


= 


\x\ 
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Moreover, by (j2T^ - p"T5|) . there is a constant C 3 (R) > C 2 (R) > such that 
V|gi|^ < 2i? 



(2.18) 



\n £tN (Qi)\ < C 3 (R) <5+|e|7 



N 2 J 

(2.19) < C 3 (i?) (5 + k|7" 1 + ^)|/^l^, V/igQx 

In the sequel we shall always assume 

^3(i?)(^+kl7- 1 + ^)<l. 
Step 2: $ e jv verifies the geometrical hypotheses of the linking Theorem. 



Q ® Q, 




Figure 1 . The cylinder and the sphere S 14 " link. 



Lemma 2.5. There exist e-N -^-independent positive constants p, u, r\, r 2 > p, and 
< ei{R) < e {R), N^R) > N (R) such that, V]^" 1 < e x {R), \/N > N^R) 

(i) $ £jiV (gi) > w > 0, Vgi G 5+ := jg x G Qi n Q+ : |gi| Hl = p}, 

(ii) $ £ ,jv(gi) < <^/2, Vgi G 0W - where W~ is the cylinder 

W~ := jgi = g +q- +re + , \q + q_\ Hl < r x , g_ G Qi H Q-, q eR,rE [0,r 2 ]| 
and e + := cos(<^2) G Qi H Q+. Aote £/ia£ p, uo are independent of R. 
In the following /tj, k± will denote positive constants independent on i?, AT, £ and 7. 
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Proof, (i) Vg + G Q\ fl with |g+|ii-i = p < R we have 



2d 

\2d 



$ e ,jv(g+) = $ e ,jv(g+) = -4(g+) - J ^ a 2d _ 1 (^i)^ + ft £j7V (g + ) 

(2-20) > ^p 2 -^p 2d -(5+k|7- 1 + ^)c 3 ( J R). 

Now we fix p > small such that (a + p 2 /2) — Kip 2d > a + p 2 /4. Next, for (5 + |e|7 _1 + 
N~ 2 )C 3 (R) < a + p 2 /8 we get by (jZHj) 

$ £ ,jv(g+) > ^P 2 =: w > 0, V q + eQ 1 DQ + with |g + | = p . 
o 

(ii) Let 

Bi := jgi = g + <?- + with |g + g_|#i < r 1; g_ G Qi H Q_| C cW - 

fi 2 := jgi = go + 9- + re+ with |g + g-U 1 = n,q- E Qif] Q-, r G [0,r 2 ] j C dW~ 

and choose r 1; r 2 > 2_R. For gi = go + g- + G i?i U B 2 

$ e ,iv(gi) = r(gi) = ^l(gi) - / a 2 d-i(<Pi)(go + q~ + re + ) 2d 

Jj 2 

a - i i2 , 2,,/ x /" / x (go + g- + re+) M 

^ JT 2 

(2.21) < -^-\q^\ 2 Hl +r 2 A(e + )-a [ (g + g_ + re+f 

- Ji 2 

because a 2 d-i(ipi)/2d > a > 0. Now, by Holder inequality and orthogonality 

/ (go + g- + re + ) 2d > k 2 ( (g + g- + re H 
Jt 2 v Jt 2 

( f 2 i 2 i 2 2 N " 

= «2 ( / g + ?- + r e H 
> ^(go 2 + rY>^(go 2d + r 2d ) 

and by (|2.21j) we deduce 

^ £ ,w(go + g- + re+) < (K + r 2 - /t 3 r 2d ) - (^=-\q-\ 2 H i + K Z q 2 /^ 
Now we fix r 2 large such that ft+r| — K^rf < and therefore 

$ £ ,7v(gi) < K + r 2 2 - n 3 r 2 2 d < ^q 1 eB 1 . 
Next, setting M := max r6 [o, r2 ](K + r 2 — n^r 2d ) ) we fix ri large such that 

^\q-\m + > M y\q- + g | = ri 

and therefore 

$ £ ,jv(gi) < M - {^-\q-\ 2 Hi + ^g M ) < Vgi G B 2 . 



. d 

\2 
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Finally if q\ = g_ + q^. 

f q 2d 
^e.N(qi) = A(q-)- / a 2d -i{(pi)^ 1 + n E , N {qi) 

j T 2 la 

(2.22) < \K £ , N {q x )\ < C 3 (R)(5 + \e\j~ 1 + N~ 2 ) 

and so $ EiN (qi) < u/2 if C 3 (R)(5 + \e\7- 1 + N~ 2 ) < u/2. □ 

We introduce the minimax class 

iS := 1^ E C(W~, Q) I ip = Id on dW~Y 
The maps of S have an important intersection property, see e.g. Proposition 5.9 of 

Proposition 1. (S + and W~ link with respect to S.) 

^,eS tp(W-) n S + ^ . 

Define the minimax linking level 

/C £jA r := inf max $ e ,jv(^(?i)) • 

By the intersection property of Proposition ^ and Lemma f2. 51 - ( 



1 



max $ e jvC0(<Zi)) > m i n ^siv^i) > > Vy> G 5 

giGVK" ' 9165+ 

and therefore 

/C £i Ar > U) > . 

Moreover, since Id G 5 and ()2.18j) 

K. £:N < max $ e ,jv(<?i) < max ( + 7Z £:N (q h 

qi£W~ qieW- V 

(2.23) < max f^flg+l^i + + / /cq^) + 1 < /C^ < +00 



qi€W~ V 2 Z 

where /C^ is independent of iV, e, 7 since the constants r!,r 2 in the definition of W~ 
are independent of N,e,j. 

We deduce, by the linking theorem the existence of a (Palais-Smale) sequence (qj) G 
Qi at the level /C £) at, namely 

(2-24) $ £ ,7v(^) -> ^,iv , ^ • 

Step 3: Existence of a nontrivial critical point. Our final aim is to prove that the 
Palais-Smale sequence converges, up to subsequence, to some non-trivial critical 
point q l 7^ in some open ball of Q\ where § £y N and § £y N coincide. 

Lemma 2.6. There exists a constant R* > 0, independent on R-e-N-'j, and functions 
< e 2 {R) < ei(R), N 2 {R) > Ni{R) such that for all < e 2 (R), N > N 2 (R) 

the functional & £ ,n possesses a non-trivial critical point q 1 G Qi with critical value 
*e,jv(9i) = £e,N, satisfying < R*. 
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Proof. Writing $ CtN (q) = T(q) + K £;N (q) we derive, by (j2~T3j) - ([2~P3]) 

- = r fe) - ^ r 'fe)y + - iKAuM) 

Therefore, by 0£23J-fl223J 

(2.25) /Coo + 1 + |fck > «i / gf := Ki|fc|g„ • 

We also deduce, by (|2.25jl . Holder inequality and orthogonality 

^ 2\ d 



/Coo + 1 + \qj\Hi > K2 (f 2 (y+j + + 

i ( ^ g+j + ggj + g 2 ^) > k 3 (go,j\ 



\ l/2d 



= K 2 \ 

and therefore 

(2.26) \q 0J \ <«4(l + |^kJ 

By d2HHD-d2HnD and Holder inequality 

Jt 2 

(2.27) > K 6 \q +J \ Hl (\q +d \ Hl ~ \<lj\™™ ~ \ 



I (2d— l)/2d 
I Hi 



By (|2.27|) and ()2.25jh using that & eN (qj) — > and simple inequalities, we conclude 

\q+j\hi < K 7\l + \qj\ 
Estimating analogously & £ N (qj)[q_j] we derive 

\q-j\m < K B (l + \qj\ 



and by (|2.2fij) we finally deduce 

|„ I _ |_ |,|_ I , \ n I < K (l , |„ , |_ |(2d-l)/2d\ 

We conclude that Ig/k < -R* for a suitable positive constant R* independent of s, N, 
R and 7. 

Since Qi is finite dimensional qj converges, up to subsequence, to some critical point 
q x of $ £ at with \~q~1\H1 < R*- Finally, since $ £ jv(<7i) = /Q at > c<j > we conclude that 
q x ± 0. ' □ 
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We are now ready to prove Theorem A in the case iO\ = 1. 
Proof of Theorem A for — Let us fix 
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R := R* + 1 



and take 



H7 _1 < e 2 (R) :=e. 



Set AT := JV 2 (i2) > N (R). 

Applying Lemma 2.3 we obtain, for 



< a < 



N 2 (R) 



a solution (g 2 (<?i),p(<?i)) e (Q 2 (N) ©-P) HW CT)S of the (Q 2 )-(-P) equations V|gi| Hl < 2.R. 
By Lemma 1231 the extended functional $ e ,jv((7i) possesses a critical point gi 7^ with 
|<?i I ^ < -R* < R- Since $ £i .zv(<7i) coincides with $ £i jv(?i) on the ball we get, by 
Lemma EU the existence of a nontrivial weak solution q 1 + q 2 (qi) + p(<Zi) G ^o-,s of 
equation (|2.1jl . Finally 



it 



|l/2(d-l) 



?i + ?2(gi)+p(?i) 



l/2(d-l) 



9 e + 



solves equation ()1.4|) . 

The solution q £ := q 1 + (72(91) of the (Q)-equation belongs to Q fl Ti a ^ s+2 by the 
regularizing properties of , see in Lemma (2.21 formula (|2.8j) . 

Since p := p(~q~i) solves 



(2.28) (^+2(1+5)^^ 

12 



P 



eH a > s VO < a' < a 



(2+e)d 2 V2 p+U P f( Vu u } 6) 
and the eigenvalues of + 2(1 + e)d Vl d V2 restricted to P satisfy, for e G £> 7 , 

\k\ 



(h + 2l 2 ) + e2l 2 



>7 



2\U 



V/i + 2Z 2 ^0, l 2 ^o 



and we deduce that p G H a », s +i for all < o" < a' and l^p^/. 
again by 



Ofle^" 1 ). Now, 



d^p = -2(1 + e)d ip2 d ipi p -£[(2 + e)dl 2 p + ILpffa, u, 5) J G VO < a < cr" . 

therefore p G 7"fe,s+2 and |p|ct,s+2 = 0(|e|7 _1 ). fjl follows with s := s + 2 > 2. 

By (|1.2jl . the function v(e, t, x) = u(e, t, x + (1 + e)t) is a solution of equation (jl.lj) 
with o;i = 1. The frequency CU2 = 1 + £ ^ Q since e G £> 7 . To show that v(e,t,x) 
is quasi-periodic it remains to prove that u depends on both the variables ((pi,(p 2 ) 
independently. 

We claim that q~\ ^ Qo © Q_, i.e. (7 + (</? 2 ) G Q+ \ {0}, and therefore u depends on 
ip 2 . Indeed by Lemma 2.6 we know that $ £) jv(<7i) > uj > and I^iIh^t) < R- On the 
other hand, by ()2.22|) in Lemma 2.5 $ £) Ar(g_ + q ) < uj/2, for all \q_ + gol/P < -R, s ° 
that necessarily q~x ^ Q © 

We claim that any solution u of (|2.1j) depending only on (p 2 , namely solving 

(2.29) (2 + e)u"(cp 2 ) + /(^, ufa), 5) = , 
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is u(ip 2 ) = . Indeed, by definition, 

oo 

& d ~ 1 >f{<p 1 ,u,8) = f{<f> 1 ,6u) = akM(Su) k 

k=2d-l 

(recall sign(e) = 1). Consider now a smooth zero mean function g(<pi) such that 
Jq W cik((pi)g(ipi) 7^ for some k (recall that by assumption (H) some of the ak(f 2 ) are 
not constant). By ()2.29j) we have 

/»27T /*27T 

(2 + s)u"(<f 2 ) g(ip 1 )dip 1 + f(<p h u(<p 2 ),5)g(<p 1 )dipi = 
Jo Jo 

which implies, by the assumption (H) on /, 



oo „ 2 7T 

(2.30) i Su M) k / a k { Vl )g{ Vl )d Vl = . 

; o.j 1 J 



k=2d-\ 



The function G(z) := YlT=2d-i ^k zk with 6 fc := J Q 2?r ak(<fi)g(<fi)d(fi is a nontrivial ana- 
lytic function. Therefore equation (J2.H0J) . i.e. G(5u((p 2 )) = 0, cannot have a sequence 
of zeros accumulating to 0. So, for 5 small enough, u(ip 2 ) = 0. □ 



Proof of Theorem A for any rational frequency uj\ = — G Q. Consider now equation (II. 8|) 
with io\ —n/m where n,m are coprime integers. 

The space Q, formed by the solutions of d^^d^ + 2d lf2 )q = can be written as 

Q = {q = J2 ^ e H °> s I « = for h(nh + 2ml 2 ) ^ o} 

lez 2 

and is composed by functions of the form 

q(<f) = q+{(p 2 ) + q-{2mipi - n<p 2 ) + q • 

Let P be the supplementary space to Q and perform the Lyapunov-Schmidt decom- 
position like in (Q- (EH - (P - 

For £ in the Cantor set B 11 the eigenvalues 

D l = f-h + el 2 ) (-h + 2l 2 + el 2 ) 

of the linear operator C £ can be bounded, arguing as in Lemma 12. 1| by 



I n | I Mi + £rnl 2 ){nh + 2ml 2 + eml 2 )\ 7 



As a consequence 



< — VheP, 

7 

and, in solving the {Q 2 )-{P) equations as in Lemma \2. 31 we obtain the new restriction 

T^N^^, N>N (R) 



and the bound (compare with (|2.10j) ) \p(qi)\a-,s < Co(R)\e\j' 



_1 m 2 . 
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The corresponding reduced action functional has again the form ()2.13j) - ()2.16jl with 
the different quadratic part 

A{qi) = A(q+ + q + <?-) = A(q+) + A(qJ) = -y ~ n 2 ^-\q^\ 2 m 

and therefore it still possesses a linking critical point q~\ G Q\. 

To prove the bound note that the eigenvalues of oj\&t x + 2co>i(l + e)9 ¥ , 1 9 v , 2 

{uj\ = n/m) restricted to P satisfy, for £ 6 B 7 , 



h 



(nli + 2/2?n) + e2l2m ^1 |^i]t 



> TTTTT^i + 2mZ 2 + 0, h + 

2|< 2 |m" : 



m 

and therefore p G 7"fe, s +2 and |p| ?iS+2 = 0(|£|m 2 /^i7)- □ 

3. Case B: u x <£ Q 

We now look for solutions of equation (jl.8|) when the forcing frequency U\ is an 
irrational number. 

To fix notations we shall prove Theorem B when j Q 71 02^-1(^1)^^1 > an d therefore 
e > 0, i.e. sign(e) = 1 . 

Fixed < s < s — 1/2, the Nemitskii operator w — > /(<^i, w, 5) G C°°(B p , TC^s) since, 
if a fc (y>i) G H S (T), then a fc (-) G W ff , s , Va > 0, < s < s - 1/2. 

For £ = equation (jl.8|) reduces to 

(3.1) Uid^ (ujtd^ + 2d V2 ^q = 

and its solutions q form, by the irrationality of u\, the infinite dimensional subspace 

(3.2) Q:={qe H a ,- S : = o} = {q = q(<p 2 ) G tf CT (T)} . 

To find solutions of (jl.8j) for e 7^ 0, we perform a Lyapunov-Schmidt reduction and 
we decompose the space 

H a ,s = Q®P 

where Q = F a (T) and 

P := {p = J2P ieUiP G H ^ I Pi = for h = 0} ■ 



Projecting equation ()1.8|) onto the closed subspaces Q and P, setting u = q + p G 7^ 
with q e Q, p e P we obtain 

(3.3) (2 + e)q + U Q ] i f( ( p 1 ,q + p,8)j = (Q) 

(3.4) £ e [p]+en P [/(¥>!, g + p,<y)] = (P) 
where g = d 2 2 q, Uq : — > Q is the projector onto Q, 

c2tt 



(U Q u)((p 2 ) := — I u(<p 1} <p 2 ) d(f! 







and lip = Id — Q is the projector onto P. 
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We could proceed now as in the previous section performing a finite dimensional 
reduction and applying variational methods. However, in this case, the infinite dimen- 
sional (Q)-equation can be directly solved by the Implicit Function Theorem in a space 
of analytic functions. 

For this, it is useful to consider the parameter 8 (and e = (5 2(cf_1 )) in the right hand 
side of (|3.4j) . as an independent parameter 5 = rj, e = r? 2 ^ -1 ), and to solve the equation 

(3.5) ^N+^'npjfes + M)] =0 (A) 

for (e, o>x) in the Cantor set C 7 and for all r\ small. In this way we highlight the 
smoothness of the solution p(r), e, ■) of the (P r? )-equation (|3.5jl in the variable rj. 

3.1. Solution of the (P^)-equation. We first prove that the operator C £ : P — > P 
has a bounded inverse when (e,ui) belongs to the Cantor set C 7 defined in (ll.fjjl . 

Lemma 3.1. For any Eq > i/ie Cantor set C 7 zs uncountable. 

Proof. Consider the set C of couples X\, x 2 G £> 7 such that: 

an e(-ei,ei), z 2 G fl + £i, 2 - £iV xi+x 2 ^Q, xi-x 2 ^Q. 

where E\ = Eq/2. C is an uncountable subset of R 2 since for all X\ G £> 7 the conditions 
Xi± x 2 ^ Q exclude only a countable set of values x 2 . The Lemma follows since 
C 7 contains ?/'~ 1 C where t/> : (e,Ui) — > (e/^i, (2 + e)/a>i) is an invertible map for 
(e,o;i) G (-e ,e ) x (1,2). □ 

The operator C e has eigenvalues P/ = {uj\l\ + e/ 2 )(^ 1 / 1 + 2Z 2 + eh)- 

Lemma 3.2. For (e,u>i) G C 7 i/ie eigenvalues D\ of C e restricted to P satisfy 

> 7 , VZ X ^ . 



(3.6) |A|= (wiZi + eZ 2 )Mi + 2Z 2 + eZ 2 ) 
yls a consequence, the operator C £ : P — > P /ias a bounded inverse C~ l satisfying 

(3.7) Z^tp] 



< Hf* Vp G P . 

<r,5 7 



Proof. Estimate ()3.6)1 is trivially satisfied if —l\ ^ -^-l 2 and — Zi 7^ ^j^h- Now, if 
-Z x = [^-Z 2 ], then |(2 + e)Z 2 + Uih\ > |(2 + e)Z 2 - eZ 2 | - ~ > |Z 2 |. Therefore, using 
|o;iZi + eZ 2 | > 7/|Z 2 |, we get ()3.6|) . The same estimate ()3.6|) holds if — Zi = [^pZ 2 ] since, 
in this case, jo'iZx + e1 2 \ > |(2 + e)1 2 — el 2 \ — \ > \h\- D 

Fixed points of the nonlinear operator Q : P — > P defined by 
are solutions of the (P v ) -equation. 
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Lemma 3.3. Assume (e, u>x) G C 7 . Vi? > there exists r] (R), Co(R) > such 
that V|g|/f<T(T) < R, < r] r y~ c < r] (R), with c = 1/2 (d — 1), there exists a unique 
PiVi <z) G P fl TC a ,s solving the (P v ) -equation \H. ,5)) and satisfying 

(3-8) IpMU^CUP^V 1 
and the equivariance property 

(3.9) p(v,<lo)(<Pi,<P2)=P(jli t l)( ( Ph ( P2-0), V# G T 

w/iere q g (<pi,<p 2 ) ■= q(fi,<f2 ~ &)■ Moreover p(- , •) G ^((O, 7?o(P)) x Q]P)- 

Proof. In the Appendix. □ 



3.2. The (Q)-equation. Once the (P^-equation has been solved by p(r], q) G P there 
remains the infinite dimensional bifurcation equation 



(3-10) (2 + e)q + IT Q f((p u q + p(r,, q), V ) 







Recalling 1)1.9)1 . the (Q)-equation (J3.10)) evaluated at 77 = reduces to the ordinary- 
differential equation 

(3.11) (2 + e)g+(a 2d _ 1 )g M - 1 = 

where (a 2 d-i ) ■= ; ( V 27r ) Jo* a 2d-i(^i) 

Equation 1)3.11)) is a superlinear autonomous Hamiltonian system with one degree of 
freedom and can be studied by a direct phase-space analysis. 

Lemma 3.4. There exists a > such that, equation H3.ll]) possesses a 2n -periodic, 
analytic solution q(ip 2 ) G H a (T). Morevoer, 9(^2) non- degenerate up to time trans- 
lations, i.e. the linearized equation onq 

(3.12) (2 + ejh + (2d - \){a 2d ^)t {d ' X) h = 

possesses a one- dimensional space of 2n-periodic solutions, spanned by q. 

Proof. Up to a rescaling, equation ()3.11)) can be written as x = —V'(x) with potential 
energy V(x) := x 2d . All solutions of such system are analytic and periodic with period 

f E2d dx _ 1 1 f 1 dx 

T(E) = 4 / = = AE-d-i 



V2(E ~ * 2d ) Jo V2{1 



x 



2d) 



The equation T(E) = 2n has a solution q((p 2 ) which is in H a (T) for some appropriate 
a > 0. The non- degeneracy of the corresponding 27i~-periodic solution follows by 

dT /l \ 1 3 f 1 dx 
dP Vd 7 7 ^2(1 -x M ) 

and the next Proposition proved in the Appendix. 
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Proposition 2. Suppose the autonomous second order equation —x = V'(x), i£l, 
possesses a continuous family of non- constant periodic solutions x(E,t) with energy E 
and period T(E) satisfying the anysocronicity condition d7 J^ ^ 0. Then x(E, t) is non- 
degenerate up to time translations, i.e. the T(E)-periodic solutions of the linearized 
equation 

(3.13) -h = D 2 V(x(E,t))h 

form a one dimensional subspace spanned by (dtx)(E,t). 

□ 

From now on we fix R := l^lij^m + 1 in Lemma f3. 31 and take < r] / y~ c < 1] (R). 
By Lemma I3.4I and ()3.9j) . we can construct solutions of the infinite dimensional 
bifurcation equation ()3.10|) by means of the Implicit Function Theorem: 

Lemma 3.5. There exist < r\\ < r] (R), C\ > such that for all < i]'-f~ c < rji, 
equation iS.10\) has a unique (up to translations) solution ^(^2) £ H a (T) satisfying 

\q v ~ g|fl^(T) < Ci\t]\ . 



Proof of Theorem B. Setting again 8 = 7], q e (f2) + p(z, Qe) solves (jl.Hjl and 

u(e,<p) = \e\ 1 K^[q B (<p a )+p(e,q B 

is a non trivial solution of (jl.4j) . The bound ()1.7|) follows by (j3.8|) . As in Theorem A 
the solution u depends on both the variables (<p%, <p 2 ). Finally, the solution v(e, t, x) := 
u{e,U\t,x + u)2t) of (jl.lj) is quasi-periodic since, by the definition of C 7 , iOxjuoi = iO\j 
(l + e)£Q. ^ ' □ 

Remark 3. To prove existence of solutions of M.ty) . i.e. M.l)) . it is sufficient that the 
second order equation \3.11\) possessess a continuous, nonisocronous family of non- 
constant periodic orbits one of them having period 2iv/j, see Proposition^ 

The hypothesys that the leading term in the nonlinearity / is an odd power of u is 
not of technical nature. The following non-existence result holds: 

Proposition 3. (Non-existence) Let f(<px,u) = a((fi)u D with D even and J 27r a(<^i) 
d<fi 7^ 0. Vi? > 0, there exists Eq > such that Va > 0, s > s — \, W(e,ui) £ C 7 
with \e\ < Eq, equation \l-4\ l does not possess solutions u £ 'Has i n the ball \u\ a s < 

R\e\ l ^ D - l \ 

Proof. We first rescale equation ()1.4|) with obtaining 
(3.14) C e u+ |£|a(^!)u D = 0. 

Write any solution u e £ B a s(R) := {u £ H a ^ : \u\ a ,s < R} of ()3.14j) as u e = q e + p £ 
with q e £ Q, p e £ P. p £ satisfies the (P)-equation C £ p + \E\Hpa(ipi)u D = and 
therefore \p £ \ a ,s < C(R)\e\. Then, for e small enough, p £ = p(e,q £ ) where p(e,q e ) is 
constructed as in Lemma l3~3l and satisfies the estimate \p(s, q e )\a,s < C| £ I|9e|^(t)- 
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The projection q £ satisfies the (Q)-equation 
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(3.15) 



(2 + e)q £ + sign(e)n Q a(<pi)(q E + p(e, q e )) 







and therefore \q £ \H°' 2 (T) < C(R). 

We claim that q £ — > in H a (T) (and so in Ti^-g) for e — > 0. Indeed, from any 
subsequence q e , we can extract by the compact embedding H a,2 {T) <^-> i7 CT (T) another 
convergent subsequence g £n such that g £n ^q G i? CT (T). By (|3.15J) . we deduce that 

2f + sign(e)(a)g D = 



where (a) := J Q 27r a(</?i) rf<pi 7^ 0. Such equation does not possess non-trivial periodic 
solutions for both sign(e) = ±1, i.e. e > and e < 0, and we conclude that q = 0. 

We finally prove that equation (j3.15J) does not possess non-trivial periodic solutions 
in a small neighborhood of the origin. 

Linearizing equation (j3.15|) at q = we get (2 + e)h = whose solutions in H a (T) 
are the constants. We can perform another Lyapunov-Schmidt reduction close to 
decomposing H a (T) = {constants} © {zero average functions}, namely q £ = p + w. 
By the Implicit function Theorem we get that for any constant \p\ < po small enough 
(independently of e) there exists a unique zero average function w p with \w p \h"(j) = 
0(p D ) solving 



(2 + e)w p + a(<pi)(p + w p + p(e,g e )) D - (a{<pi){p + w p + p(e, q £ )) D ^ 



0. 



Hence p is such that 



= (aMip + w p + p(e, q £ )) D ) = (a)p D + o(p D ) . 



This implies p = since (a) 7^ and so q £ = p + w p = 0. 

4. Appendix 
Lemma 4.1. 7i a ^ is a Banach algebra for a,s > 0. 
Proof. By the product Cauchy formula 



□ 



uv = E ( E j ( 

jez 2 fcez 2 



and therefore 

\uvL s 



■■= E e<r|i2l wi E ^ E e<rUal w E h 

jez 2 fcez 2 jez 2 fcez 2 

< E^iEi^i e<r|i2l ^ s 

fcez 2 jez 2 

< 2 s \vk\e alk2l [h} s E \^-k\e alj2 - k2l [ji ~ h} s := 2>U< ( 



since e CT W < e^h-^^h^ anc j [^j < 2^ _ fcJ^J for all fc, j G Z 2 



□ 
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Proof of Lemma 12., "fl Let us consider 

B := {(q 2 ,p) e Q 2 © P ■ \q2Us < Pi , \p\o,s < P2} 

with norm \(q2,p)\ a>s '■= I^U.s + \p\a,s- We claim that, under the assumptions (|2.9J1 
there exists < pi, p 2 < 1, see (|4.6j) . such that the map (g 2 ,p) — * Q(q2,P',qi) is a 
contraction in 5, i.e.: 

(i) (q 2 ,p)eB G(q2,p;qi) E B; 

(h) 1^(92, p; 91) -</(?2,p;9i)U. < (l/2)|(g 2 ,p) - (g 2 ,p)U, s , V(g 2 ,p), e 5. 
In the following will denote positive constants independent on i?, iV and e (i.e. on 
«5:=|e|W-i)). 

By f!2.7|) and the Banach algebra property of TC atS 

\Gi(q2,p;qi)\a,s = \L^ 1 U Q J(ip 1 ,q 1 + q 2 +p,5)\ atS 

(4.i) < ^(l^l^ + l^l^ + N^ 

provided that < 5 < 6 (R). Similarly, for s G 23 7 , by (pTfijl . 

|^2(?2, p;?i)|<t,« = k^ 1 n P /((^i,gi + g 2 +P,5)U, S 

(4-2) < ^NT-^kii^ + ki^ + bi 2 ,;- 1 ' 

For all gi G <5i(iV) and since < s < 1/2 
IftU,- = E l9o,z 2 |e <j| ' 2| + |g^ 2 , i2 |e CT|i2| [-2/ 2 ] s 

|« 2 |<iV 

< £ |go, 2 | + l^ 2 , 2 |[-2/ 2 ] s < K 3[( £ l^ 2 l 2 N 2 ) V2 (E 1 ' 1/2 

|« 2 |<iV U2 1 <iV Z 2 GZ 

(4-3) + ( £ I^J 2 [^] 2 ) 1/2 (Era^) 1/2 ] <*M* 

|Z 2 |<7V h& [ 2J 

whenever < crN < 1. 

Substituting in @3)-@2) we get V|?i| H i < 2R, V|g 2 | <TjS < pi, V|p| CT)S < p 2 

(4.4) |f?i(fe,p;«i)U. < «: 5 iV- 2 (i? 2d - 1 +p 2d - 1 +p 2d - 1 

(4.5) |&(ft,p;<n)U. < ^kb^^ + pr'+pf 

Now, setting C (-R) := k^R 2 ^ 1 , we define 

(4.6) Pl := P2 := 2| £ | 7 - 1 C (i?) . 

By (jOJ), (031) there exists N (R) G N + and e (R) > such that VW > N (R) and 
Vleb" 1 < e (R) 

\Qi(q2,p;qi)\a, s < pi < P2 

proving (i). Item (ii) is obtained with similar estimates. 

By the Contraction Mapping Theorem there exists a unique fixed point (g 2 (gi), p(gi)) : = 
(q 2 (e, N, qi ), p(e, N, qi )) of Q in B. The bounds (l2~Tn|) follow by ijtffl) . 
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Since Q G C 1 {Q2 ®P x Qi, Q 2 ©P X Q\) the Implicit function Theorem implies that 
the maps Qi 3 qi — > (q 2 (e, N, q 1 ),p(e, N, qi)) are C 1 . 
Differentiating (q 2 (qi) , p(qi)) = S(Q2(qi),p(qi),qi) 



q' 2 ( qi )[h] = -L^Yl Q2 {dJ){^q 1 + q 2 {q{)+ P {q l )^)(h + q' 2 {qm+ P \q^ 
p'( gi )[h] = -eCj 1 U Q2 (d u f)^ u q 1 + q 2 ( gi ) + p(qi) , 6) (h + q' 2 { qi )[h) +p'{q 1 )[h) 

and using (|2.7jl . ()2.fi|) and the Banach algebra property of H. a ,s 

\q' 2 (qi)[h]Us < C(R)N- 2 (\h\ a , s + \q' 2 ( qi )[h]\ a , s + \p\q{)[h}W 
\p'(qi)[h]\ a , s < CiRMrH^s + \q' 2 {qi)[h]U s + \p'(qi)[h}U 



det 



1 

> - 
~ 2 



which implies the bounds (j2.11|) since 

1 - C(R)N- 2 -C{R)N- 2 
-CiR)^- 1 l-CiRM^ 1 
for C(R)(\e\^f 1 + iV~ 2 ) small enough and (fOjl . 

Proof of Lemma By ()2.4j) . ()2.5j) we have that, at u := q± + q 2 (qi) + p(qi), 

(4.7) d^ e (u)[h] = V/i G Q 2 and d* e (u)[/i] = V/i G P . 
Since ^teM^] e and p'((7i)[A;] G P V/c G Qi, we deduce 

d$ £jiv (9i)[A;] = d* e (u) [/i + ^(gOffl + = d* e (u)[k] Vk g 

and therefore u := q\ + p(qi) + (72(91) solves also the (Qi)-equation ()2.Hj) . 
Write * e (u) = ^i 2) (w) - s J T2 P(<^i, u, 5) where 

«f(«):= / l(d, 1 n) 2 + (l + e)(d Vl u)(d, 2 u) + £ -^±^(d, 2U ) 2 
is an homogeneous functional of degree two. By homogeneity: 

(4.8) ^! £ (u)= l -d¥ 2 \u)[u}-e f F( Vl ,u,6). 



'2 



By (23), (EH) (i.e. flUD) 
(4.9) cMf } (gi + g 2 (gi)+p(?i))[?2(gi)+p(gi)] =e I f^i,u,6)(q 2 (q 1 )+p(q 1 )) 



T 2 
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Substituting in (|4.8J) we obtain, at u = 91 + 92(91) +p(9i) 

$ e ,iv(9i) = ^ £ (9i +P(9i) + 92(91)) = ^^ 2) (u)[qi+p(qi)+q 2 (qi)]-e f F( Vl ,u,5) 
= V»ta)[ 9l ]- £ / F(<p 1 ,u,8) + y& 1 ,u,5)(q 2 (q 1 )+p(q 1 )) 
= * (gi)+e/ ^-^(^^i) 2 + (^ 1 ?i)(^ 2 '?i)-^(^i,m,5) 

+ ^/(^i^, 5) (92(91) +p(9i)) = const + £(r(9i) +1l E>N (q 1 )) 

because ^0(91) = const. 

By flQH) the bounds (l234l - (l2~ToT) follow. 

Proof of Lemma f.'l.'-jl The existence of p(?7, 9) G can be proved as in Lemma 2.3 
using the Contraction Mapping Theorem. The smoothness of p(r), 9) follows by the 
Implicit Function Theorem since Q{i],p) is smooth in n and 9. 

By the invariance of equation ()3.5|) under translations in the y?2 variable the function 
pfavKfiiV* - 0) solves 

pfa, 9)(^i, ¥?2 - 9) + rj 2 ^ C- l Yi P f (</?!, 9e + p(»7, 9)(</>i, ~ 9), V ) = 

and, therefore, by uniqueness ()3.9j) holds. 



(4.10) (d E x)(E,t) = t — ■j^-(d ip y)(uj(E)t, E) + (d E y)(u(E)t, E) 



Proof of Proposition^ Write x(E,t) = y(u(E)t, E) where y((p,E) is 27r-periodic in 
ip and to{E) := 2iz/T(E). The functions (d t x)(E,t) and 

doo(E) 
~d~E 

are two linearly independent solutions of the linearized equation (j3.13j) . (d t x)(E,t) is 
27r-periodic while, since 

^ = 2nT(E)->^±^0 and (d,y)(tp, E) ^ 

(if not x(E,t) would be constant in t), (dEx)(E,t) is not 27r-periodic. We conclude 
that the space of T(i?)-periodic solutions of (|3.13|) form a 1-dimensional linear space 
spanned by (d t x)(E,t). 
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